Introduction {#Sec1}
============

Nanotechnology has become the cornerstone of contemporary science for its role in the discovery of new materials with unprecedented chemical properties and unconventional physical phenomena. Typically these stellar properties are optimised and refined through manipulation of matter at an atomic or molecular level. As such, the fundamental understanding of the physical laws surrounding the interaction of atoms and atom clusters in the different phases of matter is invaluable in the evolution of this technology. Theoretical advancements into the connection between continuous symmetries of the action and conservation laws (Noether's theorem) in quantum field theory and geometry has played an enormous role in revealing exemplary quantum effects in condensed matter systems. This has singled out materials comprising simple geometric arrangements of atoms as exemplars of Noether's theorem whilst offering a great segue into crystallography. This rationale has generated interest particularly in two-dimensional (2D) honeycomb layered oxides whose heterostructural layout plays host to an assortment of desirable electrochemical, magnetic and topological properties^[@CR1]--[@CR40]^.
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In our study, we focus on the prismatic subclass of honeycomb layered oxides that generally adopt $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{Na}$$\end{document}$ is an alkali cation (potassium, lithium or sodium) owing to their exemplary electrochemical and physical properties^[@CR1],[@CR5]--[@CR8],[@CR11]--[@CR16],[@CR19],[@CR20],[@CR28],[@CR39]^. We explore their cationic diffusion by envisioning an idealised model of multi-layered oxides in an attempt to gain an effective description of the diffusion mechanics along the honeycomb layers using concepts of 2D curvature and topology. We proceed to link geometric properties such as the Gaussian curvature and the genus of the 2D honeycomb layers to transport quantities of the cations such as their charge density and cationic vacancies respectively. The inter-layers can act as tunnel barriers quantum mechanically traversable by the cations. The proposed model is solved by identifying symmetries in a curved space-time implemented by Killing vectors along the time (*t*) and longitudinal (*z*) directions. In order to discern the connections between the honeycomb topology, applied magnetic fields and other crystalline symmetries, a multidimensional approach integrating techniques and concepts from various fields were employed. As such, the results presented herein bear particular significance across a diversity of disciplines ranging from topological order and phase transitions in materials to their relation to Brownian motion and quantum geometries.
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The model {#Sec30}
---------

A theoretical model of a multi-layered material with lattice coordinates *x*, *y* and *z*, whose inter-layer distance $\documentclass[12pt]{minimal}
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Considering a single honeycomb layer; viewing the cations as a fluid of charge density $\documentclass[12pt]{minimal}
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Ansatz 1 {#Sec3}
--------

Given that, in the absence of the applied voltage the cations form a 2D honeycomb lattice, the diffusion current (mobile cations) across the honeycomb lattice is assumed to be extracted by the potential energy of the applied voltage/electric fields (as shown in Fig. [2](#Fig2){ref-type="fig"}b). A correlation between the total number of these mobile cations ($\documentclass[12pt]{minimal}
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Ansatz 2 {#Sec4}
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To incorporate quantum theory along side diffusion occurring along the 2D honeycomb layer, we introduce a second ansatz, $$\documentclass[12pt]{minimal}
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Bosonic identity {#Sec5}
----------------
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Typical diffusion dynamics in 3D versus our model {#Sec6}
-------------------------------------------------
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The kernel in 2D + 1 dimensions {#Sec7}
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Connection of the kernel to Gaussian curvature {#Sec8}
----------------------------------------------
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Results of the model {#Sec9}
====================

Electrodynamics of the cations {#Sec10}
------------------------------
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Moreover, in Chern--Simons theory, the conductivity $\documentclass[12pt]{minimal}
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Bose--Einstein condensate of cations {#Sec12}
------------------------------------

We define the order parameter of the cations in the 2D honeycomb layer as $\documentclass[12pt]{minimal}
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Topological order and phase transitions with charge vortices {#Sec13}
------------------------------------------------------------
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Recall that the entropy of the system is given by $\documentclass[12pt]{minimal}
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Discussion {#Sec14}
==========

We are left to puzzle how a geometric theory emerges in the crystal and its explicit relation to the honeycomb framework. We note that the multi-layered crystal is considered electrochemically neutral when the 2D honeycomb structure bears no vacancies in the lattice. However, its intrinsic Gaussian curvature given by $\documentclass[12pt]{minimal}
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The extracted cations contribute to a diffusion current density via a Chern--Simons term that naturally arises in 2D electrodynamics. This extraction process occurs at a critical temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi $$\end{document}$, responsible for the diffusion dynamics of the cations in 2D. This places these vortices as central to understanding the link between cationic diffusion and our emergent geometric description.

Conclusion {#Sec15}
==========

An idealised model of the electrodynamics of the alkali metals cations in honeycomb layered oxide frameworks has been proposed. The model links the ionic transport of the cations to the geometry and topology of these materials by applying well-established approaches of Brownian motion, Liouville field theory and Chern--Simons theory. The overarching result is that ionic vacancies of the 2D honeycomb lattice are related to the Euler characteristic of the surface where the Gauss-Bonnet theorem is the charge density formula of the surface, as summarised in Fig. [2](#Fig2){ref-type="fig"}. Such a rich description of the transport phenomena within honeycomb layered oxide frameworks stems from the interdisciplinary approach of our model, which adopts established concepts from applied mathematics, chemistry and physics, as schematically shown in Fig. [3](#Fig3){ref-type="fig"}. Thus, the results presented herein elucidate previously unreported interconnections between geometry, thermodynamics and quantum theory, essential in unravelling the connection between topological order and phase transitions in these materials. Further connections, particularly the explicit relation of emergent phenomena such as charge vortices and the gravitational potential within our model remains vastly unexplored. Nonetheless, we believe the results presented herein bear particular significance across a diversity of disciplines where layered materials play a pivotal role in frontier applied fields of high-temperature superconductivity, quantum computing and energy storage.Figure 3A rendition displaying the honeycomb layer of alkali cations in honeycomb layered oxides as curved stacked two-dimensional (2D) manifolds forming a multi-layered crystal. The main equation from our model links curvature variations to energy-momentum within the material responsible for diffusion currents and topological transitions.

Appendix {#Sec16}
========

Inter-slab distance tuning {#Sec40}
--------------------------

The correlation between the ionic radii of *A* and the inter-layer distance ($\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta z$$\end{document}$), as shown in Fig. [4](#Fig4){ref-type="fig"}, presents new avenues for tuning the inter-layer and intra-layer electromagnetic couplings in order to optimise the dimensionality of the magnetic lattice. This can be achieved through the introduction of *A* cations with larger ionic radii that leads to the increase of the inter-layer distance. Moving from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{K}$$\end{document}$, it is clear that there is a propensity of the inter-layer distance to increase; which consequently should affect the transport properties (*idest*, diffusion nature of alkali *A* atoms) along the two-dimensional (2D) surface. Honeycomb layered compositions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{TeO_{6}}$$\end{document}$ octahedra that reside in the slabs.Figure 4Trend in increase of the inter-layer distance ($\documentclass[12pt]{minimal}
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Quasi-stable configurations as the analogues of Tori in 2D {#Sec41}
----------------------------------------------------------

We shall name each configuration as *(3) three-(leaf) clover* where each honeycomb area is taken as a single leaf in the clover. Consequently, each vacancy *g* lies within a 3-leaf clover at the leaf stalk. We label each cation in the honeycomb lattice as a *vertexV*, the line connecting to their adjacent neighbour as an *edgeE* and each honeycomb unit *area* as *A*. Our approach then requires the number of honeycomb unit *areas* to be left unchanged by the extraction process even when the number of honeycomb *facesF* does not remain unchanged. Thus, for a honeycomb lattice with no vacancies, $\documentclass[12pt]{minimal}
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                \begin{document}$$-g$$\end{document}$ vacancies (equivalent to extracting *g* cations from the honeycomb surface) each at the stalk of the 3-leaf configuration, we find $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi \rightarrow \chi ' = A - (E + 3g) + (V + g) = (A - E + V) - 2g = 2 - 2g$$\end{document}$ as expected.
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